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For a globally coupled network of semiconductor lasers with delayed optical feedback, we demonstrate the
existence of chimera states. The domains of coherence and incoherence that are typical for chimera states are
found to exist for the amplitude, phase, and inversion of the coupled lasers. These chimera states defy several
of the previously established existence criteria. While chimera states in phase oscillators generally demand
nonlocal coupling, large system sizes, and specially prepared initial conditions, we find chimera states that are
stable for global coupling in a network of only four coupled lasers for random initial conditions. The existence is
linked to a regime of multistability between the synchronous steady state and asynchronous periodic solutions.
We show that amplitude-phase coupling, a concept common in different fields, is necessary for the formation of
the chimera states.
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Synchronization is a common phenomenon in interacting
nonlinear dynamical systems in various fields of research
such as physics, chemistry, biology, engineering, or socio-
economic sciences [1–3]. While a lot of knowledge has been
gained on the origin of complete synchronization, more com-
plex partial synchronization patterns have only recently be-
come the focus of intense research. We still lack a full un-
derstanding of these phenomena, and a very prominent ex-
ample are chimera states where an ensemble of identical el-
ements self-organizes into spatially separated coexisting do-
mains of coherent (synchronized) and incoherent (desynchro-
nized) dynamics [4, 5]. Since their first discovery a decade
ago many theoretical investigations of coupled phase oscilla-
tors and other simplified models have been carried out [6, 7],
but their experimental observation in real systems was only
reported very recently in optical light modulators [8], opti-
cal comb [9], chemical [10], mechanical [11, 12], electronic
[13], and electrochemical [14, 15] oscillator systems. The-
oretical studies have found chimeras also in other systems,
including higher-dimensional systems [7, 16, 17], e.g., spi-
ral wave chimeras [18, 19], FitzHugh-Nagumo neural systems
[20], Stuart-Landau oscillators [21–23], where pure amplitude
chimeras [24] were found, or quantum interference devices
[25]. In real-world systems chimera states might play a role,
e.g., in the unihemispheric sleep of birds and dolphins [26], in
neuronal bump states [27, 28], in power grids [29], or in social
systems [30].
Although no universal mechanism for the formation of
chimera states has yet been established, three general essen-
tial requirements have been found in many studies: (i) a large
number of coupled elements, (ii) non-local coupling, and (iii)
specific initial conditions. These were primarily derived from
the phase oscillator model [7] but also apply to other sys-
tems. If these conditions are not met, the chimera states tend
to have very short lifetimes. Recent studies, however, sug-
gest that these paradigms can be broken and chimera states
are observed also for small system sizes [31], global coupling
[15, 23, 32, 33] and random initial conditions [34].
Surprisingly, chimera states appear at the interface of inde-
pendent fields of research putting together different scientific
communities. Recent examples are quantum chimera state
[35] or coexistence of coherent and incoherent patterns with
respect to the modes of an optical comb [9, 36]. The aim of
the present study is to provide a bridge between laser networks
and chimera patterns, which opens up numerous perspectives
for application of chimera states and at the same time pro-
vides more insight into their understanding on the concep-
tual level. While synchronization phenomena have been well
studied for small networks of coupled laser systems [37–42],
chimera states have not yet been reported in laser networks so
far. This sparks the question what conditions have to be met
for the formation of chimera states in laser networks. It has
been shown in theory and experiments that amplitude-phase
coupling has an important influence upon the synchronization
behaviour.
Coupled amplitude-phase dynamics is a significant concept
not only for laser dynamics. It is a well-established paradigm,
which is widely exploited in various fields of research. In
nonlinear dynamics it typically refers to anisochronicity, i.e.,
the dependence of the frequency of oscillations on their am-
plitude [43]. In fluid dynamics a similar principle is known
as shear: any real fluids moving along a solid boundary will
incur a shear stress at that boundary [44]. In the laser com-
munity the term amplitude-phase coupling defines a concept
which implies that the phase of the electric field inside the
laser cavity is dynamically linked to its amplitude. This is
induced by changes in the susceptibility of the gain material
with the density of carriers.
Recent theoretical [45, 46] and experimental [47, 48] inves-
tigations have led to a critical re-assessment of this concept
and its role in dynamical instabilities, in particular in quan-
tum dot lasers. Here we show that amplitude-phase coupling
is an essential driving mechanism for the occurrence of long-
living chimera patterns in globally coupled laser networks.
Another concept used in laser dynamics is delayed optical
feedback from an external cavity. This has prominent appli-
cations in controlling the dynamics of lasers [49, 50], how-
ever, only few studies have investigated their combined influ-
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2ence upon partial synchronization and chimera states as done
in this Letter. Networks of mutually coupled semiconductor
lasers combine both effects, and are a versatile model system
for complex network dynamics which also allows for easy ex-
perimental realization. Moreover, it has great practical rele-
vance for modern communication technologies. Our aim is
to combine ideas from network science and laser dynamics to
gain further insight into the formation and existence criteria
of chimera states. With this, we also address the three com-
mon chimera criteria discussed above, and show that coupled
lasers represent a stunning counterexample, which breaks all
three paradigms simultaneously.
Figure 1. (a) Scheme of a laser array coupled by a common mirror
via an external cavity. (b) All-to-all coupling scheme.
For our setup we choose an array of Z identical lasers where
the output is globally coupled into a single external cavity
(see Fig. 1). The lasers receive feedback from one com-
mon mirror at the end of the external cavity with a time delay
τ (cavity roundtrip time). We model this system by dimen-
sionless semi-classical rate equations, i.e. Lang-Kobayashi
equations[51, 52].
dEi
dt
= (1+ iα)EiNi+ eiCpκ
Z
∑
j
eiCpE j(t− τ) (1)
dNi
dt
=
1
T
(p−Ni− (1+2Ni)|Ei|2) (2)
Equation (1) governs the complex electric field Ei of the i-th
laser in the array, and Eq. (2) describes the inversion Ni of
the electrons, i = 1, ...,Z. The amplitude-phase coupling is
modelled by the linewidth enhancement factor α . For semi-
conductor lasers, typical values are α = 2.5 [53]. T is the ra-
tio of the lifetime of the electrons in the upper level and of the
phonons in the laser cavity. The lasers are pumped electrically
with the excess pump rate p. The feedback strength κ and the
feedback phase Cp are the bifurcation parameters, which are
used to tune the dynamics and the synchronization behavior of
the system. They are determined from the reflectivity of the
mirror and the length of the external cavity. Writing the com-
plex electrical field in polar representation Ei = Ai(t)eiϕi(t) in-
troduces the amplitude Ai(t) and phase ϕi(t). The stationary
solutions of the Lang-Kobayashi equations are given by the
external cavity modes (ECM). Their general form is charater-
ized by the complex electric field vector Ei(t) = Ai(t)eiωiteiΦi
rotating with a frequency ωi, an arbitrary phase offset Φi, and
the amplitude Ai in the complex plane. The inversion Ni is in
a steady state.
Depending on the amplitude and the phase differences be-
tween the oscillators, it is possible to realize different forms
of synchronization. The simplest case is full (zero-lag) syn-
chronization, where ωi = ω j, Φi−Φ j = 0 and Ai = A j holds
for all lasers i, j = 1, ...,Z at all times t (see Fig.2, inset on
top left). In a partially synchronized state either the frequen-
cies or the amplitudes are different in one or more lasers (see
Fig 2, inset on top center). In an unsynchronized state there
is no fixed phase relation between the oscillators (see Fig.2,
inset on top right). Fig.2(a) shows the synchronization be-
haviour of a 4-laser network in the parameter space of feed-
back phaseCp and effective feedback strength κZ. For the ini-
tial conditions of the numerical simulation, the phases of the
individual lasers are randomly distributed along the complex
unit circle. The amplitudes and inversions are chosen identical
for all lasers: Ai(0) = 1,Ni(0) = 0. We observe two distinct
domains of desynchronization (white) that separate the stable
synchronous regimes (red).
To understand the synchronization behaviour of the net-
work in the (Cp,κ) plane, we first consider the case of full
synchronization. Inserting the ECM solution into (1) and (2)
with Ei = E j yields a system which is equivalent to two mutu-
ally coupled lasers with the coupling strength κZ. A straigth-
forward linear stability analysis of the synchronous state of
two coupled lasers for the case without delay [54–57] yields
that the synchronous state destabilizes through a supercritical
Hopf and a pitchfork bifurcation. Utilising the systems’ sym-
metries, two additional bifurcation lines can be found. The
Lang-Kobayashi equations are invariant under a change of
sign in E, thus a solution shifted by an angle of pi (Eeipi =−E)
is also a solution. This gives two additional bifurcation lines
which enclose the anti-phase regime. In this regime, the lasers
organize in phase-locked pairs with identical amplitudes and
a phase-shift of pi between them.
The bifurcation structure obtained numerically for a 4-laser
network from simulation of Eqs.(1),(2) in Fig. 2(a) is com-
pared with the 2-laser model and zero delay in panel (b). Fig.
2(b) shows the pitchfork and Hopf (H) bifurcation lines of the
2-laser model obtained by path continuation. Despite the sim-
plifications, the shapes of the bifurcation lines and the position
of the in-phase and anti-phase synchronous regimes are very
similar to the 4-laser model with time delay. We have checked
by increasing the system size Z in the path continuation plot
that the difference in the shapes of the unsynchronized regions
is due to the exclusion of time delay.
The dynamics of the 4-laser network with time delay shows
continuous wave (CW) emission of all lasers inside the in-
phase and anti-phase synchronous regimes. Crossing the
pitchfork and Hopf bifurcation lines, all lasers desynchronize.
In the desynchronized state amplitude, inversion, and phase
become chaotic. While the transition from synchronization to
desynchronization usually occurs suddenly when crossing the
bifurcation lines, we find a small regime near the pitchfork bi-
furcation at low feedback strengths where the transition occurs
gradually. In this regime the unsynchronized and the synchro-
nized lasers self-organize into domains of coherent and inco-
herent dynamics and form a chimera-like state. A space-time
plot of the amplitude, phase, and inversion dynamics for such
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Figure 2. (a) Synchronization regimes in the plane of feedback phase
Cp vs. effective feedback strength κZ for a network of Z = 4 lasers
obtained by numerical integration of Eqs.(1),(2). The color code de-
notes the number of lasers which synchronize in one group, c de-
notes cluster synchronization. The insets sketch regimes of full syn-
chronization (left), partial synchronization (center), and no synchro-
nization (right) for the electrical field vectors. (b): Synchronization
regimes of two coupled lasers with zero delay obtained by path con-
tinuation. The synchronous (in- and anti-phase) and asynchronous
regimes are separated by a pitchfork (P) and a Hopf bifurcation (H)
line. Parameters: T = 392,α = 2.5,p= 0.23, and (a) τ = 1, (b) τ = 0.
a state is shown in Fig.3 (b). Because of the global coupling
no spatial ordering of the lasers is a priori defined. For better
visualisation, the permutation invariance of the laser indices
in Eqs.(1) and (2) has been exploited, and the lasers have been
re-numbered such that coherent and incoherent domains are
separated.
Fig.3 shows that the domains of coherence and incoher-
ence can be distinguished by amplitude, phase, and inver-
sion. This is different from classical chimera states, where
the coherence-incoherence pattern is prominently manifested
in the phase variable. Here we find that the lasers show
chaotic temporal dynamics for phase, inversion, and ampli-
tude in both the coherent and incoherent domains. Regarding
the stability of these coherence-incoherence patterns, we find
that they persist even for long simulation times. These charac-
teristics are similiar to amplitude-mediated chimera states that
were recently reported in Stuart-Landau oscillators (complex-
valued Hopf normal forms) with nonlocal [58] and global [23]
coupling. These states typically show chaotic dynamics and
coherence-incoherence patterns for both amplitude and phase,
and emerge under random initial conditions. It is remark-
able that in contrast to the amplitude-mediated chimeras in
the Stuart-Landau system, the chimeras in laser networks also
form in very small networks. We have already pointed out
above that the extension of the regime of full synchronization
scales with the effective coupling strength κZ. It is of inter-
est if the regime of partial synchronization scales in the same
way with the system size Z. In Fig.4, we compare the regime
of partial synchronization in the (Cp,κZ) plane for different
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Figure 3. Chimera state in a network of 12 coupled lasers. (a): Snap-
shots of amplitudes A j , phase ϕ j, inversion N j. (b): Space-time plots
of A j(t), ϕ j(t), N j(t). Parameters: κ = 0.017, Cp = 0.55, T = 392,
α = 2.5, p= 0.23, τ = 1.
system sizes Z. It can be seen that neither the location nor
the size change significantly with the number of lasers Z. We
can thus conclude that the system size is not a criterion for the
formation of these chimera states.
The chimera states found here are thus a stunning coun-
terexamples for the common belief that chimera states emerge
under specially prepared initial conditions under nonlocal
coupling in large networks, since they (i) form under random
initial conditions, (ii) for global coupling, and (iii) even for
small numbers of coupled lasers. This requires a critical re-
assessment of the question of neceassary criteria for the for-
mation of these novel chimera states in laser networks. As we
have already established, the laser network combines the con-
cept of amplitude-phase coupling and feedback. Furthermore,
the Lang-Kobayashi system describes two intertwined dynam-
ical systems: The complex electrical field E in the laser cavity
and the inversion N of electrons in the gain medium. Both sys-
tems have unique timescales that are summarized in the time
constant T . Finally, self-feedback and optical injection tend
to induce multistability in semiconductor lasers [53, 59–62].
To gain a deeper understanding of those stable chimera states,
we investigate the dependence upon all those three features in
the following.
To investigate if multistability is important for the forma-
tion of chimeras, we study the bifurcation structure using nu-
merical path continuation for Z= 2 lasers. For continuation of
the periodic solution, we use a previously proposed decompo-
sition [63]. The results are shown in fig.4(b). We find that the
2-laser model exhibits multistability in the region 2 (green)
close to the pitchfork bifurcation line. The boundaries of this
region are a pitchfork (P) bifurcation on one side and a Hopf
(H) and a torus (TR) bifurcation on the other side. Inside the
region of multistability the synchronous CW state as well as
two additional periodic solutions are stable. The size and po-
sition of region 2 is very similiar to the regimes of partial syn-
chronization in Figs.4(a),(c),(d). This region of multistability
is also unique and cannot be found in any other part of the pa-
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Figure 4. Synchronization regimes obtained by numerical simula-
tion with delay (a),(c),(d) and path continuation without delay (b)
for different system sizes: (a) Z = 4, (b) 2, (c) 8, (d) 12 lasers. At
the transition from synchronization to desynchronization, partial sy-
chronization occurs for all system sizes (indicated by the color code).
Path continuation (b) shows that the regimes coincides with a region
of multistability (green, labeled 2) between the synchronous cw state
(white, labeled 1) and a bistable periodic solution (white, labeled 3).
The regime is bounded by a pitchfork (P) and an addition Hopf (H)
and a torus (TR) bifurcation line. Parameters: κ = 0.017,Cp = 0.55,
T = 392, α = 2.5, p= 0.23, τ = 1 for (a),(c-d), τ = 0 for (b).
rameter space. To verify that this bifurcation structure applies
also to larger systems with time delay, we probe the dynami-
cal behaviour in a linescan of the (Cp,κZ) parameter space for
fixed κ across the region of multistability in a 4-laser-network
for different initial conditions. The results in Fig.5(b) show
that there is multistability inside the region of partial syn-
chronization depending of the choice of initial phases. The
basin of attraction for the 4-laser network inside the multi-
stable region for Cp = 0.5 is mapped in Fig. 5(a). While the
initial states for two lasers remain fixed at ϕ3 = 2.839 and
ϕ4 = 5.784, the initial phases of the other lasers are varied.
If the phases are chosen close to in-phase synchronization
as initial conditions, the synchronous CW state is asymptot-
ically reached from inside its basin of attraction. If the phases
are randomly distributed along the complex unit circle, the
chimera state is asymptotically reached. We can thus conclude
that multistability is an important feature associated with the
formation of the chimera states. Similiar results were also
found for systems of globally coupled phase oscillators [33].
It is well established that strong amplitude-phase coupling is
able to induce multistability in single lasers with optical feed-
back [64, 65]. We observe the same behaviour for laser net-
works. From the path continuation of the 2-laser model, we
find that the regime of multistability shown in Fig.4(b) shrinks
with decreasing α and finally vanishes. The same can be ob-
served for the exemplary 4-laser network where the chimera
regime shrinks and vanishes with decreasing α . Amplitude-
phase coupling is thus crucially connected with the formation
of the chimera states as it is necessary for the emergence of
multistability.
Another important ingredient of the laser model is the local
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Figure 5. (a): Basins of attraction for synchronization states of fig.4
for Z = 4,Cp = 0.55, κZ = 0.2. in (ϕ1,ϕ2)-projection. Initial phases
for laser 3 and 4 are fixed at ϕ3 = 2.839 and ϕ4 = 5.784 while ϕ1 and
ϕ2 are varied. (b): Linesweep of Cp for fixed κZ = 0.2 for two dif-
ferent sets of initial phases. In the chimera region, the synchronous
CW solution (black) coexists with the partially synchronized chimera
state (red). Parameters: T = 392, τ = 1, p= 0.23, α = 2.5.
dynamics which is not governed simply by a phase and an am-
plitude variable, like, e.g., the normal form models for Hopf
bifurcation (Stuart-Landau oscillator) [15, 24] or the paradig-
matic FitzHugh-Nagumo model [20], but has higher dimen-
sionality due to an additional dynamical variable, the inver-
sion, see Eq. (2), which defines class B lasers. In contrast,
class A lasers have only two dynamical variables, i.e., ampli-
tude and phase of the complex electric field, and they are char-
acterized by two strongly separated time-scales of the slow
electric field amplitude (or optical intensity) and the fast elec-
tronic inversion. This poses the question if the inclusion of
the dynamic inversion N is necessary for partial synchroniza-
tion and chimera states. Adiabatic elimination of the inversion
via the assumption of a quasi-steady state N∗i =
p−|Ei|2
1+2|Ei|2 from
Eqs. (1), (2) results in:
dEi
dt
= (1+ iα)EiN∗i + e
iCpκ
Z
∑
j=1
eiCpE j(t− τ) (3)
Simulating Eq. (3) we find that the lasers are fully synchro-
nized in the whole parameter space. This is corroborated by
the observation that no region of multistability can be ob-
served through path continuation of the 2-laser model either.
We can thus conclude that three dynamic degrees of freedom
of the individual lasers are neceassry for the formation of the
chimera state in a coupled laser system.
In conclusion, we have found chimera states in networks
of semiconductor class B lasers. The chimera states differ
from classical chimera states in that they show the coherence-
incoherence patterns not only in the phase or in the ampli-
tude, but simultaneously in amplitude, phase, and inversion of
the laser. In this respect, our model class is essentially dif-
ferent from previously studied model classes like Kuramoto
phase oscillators, Stuart-Landau amplitude-phase oscillators,
5or FitzHugh-Nagumo relaxation oscillators, which have only
one or two dynamic degrees of freedom. Furthermore, the
dynamics of both the coherent and incoherent parts is purely
chaotic in time. These intriguing chimera states refute the
common paradigm of classical chimera states in several as-
pects: First, the stability of the chimera states does not de-
pend on the system size. In fact, we have observed stable
chimera states in very small networks of only four coupled
lasers. Second, global coupling is sufficient to generate these
chimera state. Third, we have found chimera states not only
for specially prepared, but for random initial conditions.
We have been able to link the regime where the chimera
states emerge to a regime of multistability. The emergence
of the multistable regime is correlated with the strong effect
of amplitude-phase coupling in the semiconductor laser array
and vanishes for weak amplitude-phase coupling described by
a very small linewidth enhancement factor α . Furthermore, it
was found that the lifetime of electrons and photons have to
be of the same order of magnitude. This singles out class B
lasers as promising candidates for laser chimeras, as opposed
to class A lasers. Experimental realization of these hybrid
states seems possible, since only global coupling is necessary,
which can be easily realized via a common mirror, and small
arrays are sufficient to generate stable chimera states.
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